The disk fraction, the percentage of stars with disks in a young cluster, is widely used to investigate the lifetime of the protoplanetary disk, which can impose an important constraint on the planet formation mechanism. The relationship between the decay timescale of the disk fraction and the mass dissipation timescale of an individual disk, however, remains unclear. Here we investigate the effect of the disk mass function (DMF) on the evolution of the disk fraction. We show that the time variation in the disk fraction depends on the spread of the DMF and the detection threshold of the disk. In general, the disk fraction decreases more slowly than the disk mass if a typical initial DMF and a detection threshold are assumed. We find that, if the disk mass decreases exponentially, the mass dissipation timescale of the disk can be as short as 1 Myr even when the disk fraction decreases with the time constant of ∼2.5 Myr. The decay timescale of the disk fraction can be an useful parameter to investigate the disk lifetime, but the difference between the mass dissipation of an individual disk and the decrease in the disk fraction should be properly appreciated to estimate the timescale of the disk mass dissipation.
Introduction
Protostars are surrounded by disks consisting of gas and dust (referred to as a protoplanetary disk), which have been investigated as sites of planet formation. Young stellar objects (YSOs) of low-and intermediate-mass, systems consisting of a protostar and a protoplanetary disk, are roughly categorized into three classes by their spectral energy distributions (SEDs). Class I objects are the youngest with infrared emission from dust dominating the SED; Class II objects have intermediate ages with the SEDs characterized by a combination of stellar and hot dust emission; Class III objects are the oldest, consequently showing the weakest dust emission (e.g., Williams & Cieza 2011; Bachiller 1996) . The mass and surface density of protoplanetary disks decrease with time (Wyatt et al. 2007; Wyatt 2008) , whose mechanism is still under debate. Although the dissipation involves a number of processes, photoevaporation likely plays an important role, especially for low-mass stars (Armitage 2011) . Planets are thought to form in the protoplanetary disk. The dust and gas surface densities of the protoplanetary disk are important parameters that determine the accretion rates to the cores and the final mass of gas giant planets to form (e.g., Ida & Lin 2004) . It is therefore important to understand the evolution of the protoplanetary disk for the investigation of planet formation.
Different regions within a protoplanetary disk can be investigated with different wavelengths. Continuum emission in the near-infrared comes mostly from hot dust in the innermost part of the disk. Emission in the mid-infrared comes either from the surface of the disk or the mid-plane at the disk at a distance of several AUs. The far-infrared emission is dominated either by the mid-plane or the outermost part of the disk (Dullemond & Monnier 2010) . Atomic and molecular emission lines trace gas components and accretion activities. The investigation of the planet-forming disk evolution requires observations in the nearor mid-infrared.
There are, however, difficulties in the observational investigation of the evolution of protoplanetary disks. First, the age of individual YSOs is difficult to estimate. It can be estimated from the loci in the Hertzsprung-Russel diagram (e.g., Strom et al. 1989; Kenyon & Hartmann 1995) or by near-infrared and X-ray photometry (Getman et al. 2014) . However, these have inherent non-negligible uncertainties. The estimate based on the equivalent width of absorption lines has a better accuracy (Takagi et al. 2010 (Takagi et al. , 2011 , but it requires high-resolution spectroscopy, which is not always available. The mass of protoplanetary disks is also difficult to estimate from near-and mid-infrared observations since they are optically thick at these wavelengths.
The disk fraction, defined as the fraction of stars with disks in a star cluster, is thus widely used to study the evolution of protoplanetary disks since it relies on the age of star clusters, which reduces the uncertainties in the ages of individual stars, and since the presence of a disk can be estimated directly from the loci in the color-color diagram of near-and mid-infrared photometry as excess emission, although it does not estimate the disk mass. Haisch et al. (2001) show that the disk fraction estimated in the near-infrared decreases gradually with the cluster age, while Mamajek (2009) reports that the disk fraction decreases exponentially with the time constant of 2.5 Myr (decay timescale of the disk fraction, hereafter DTDF).
The DTDF may change with the stellar mass and metallicity of the cluster (e.g., Yasui et al. 2009 ). Hernández et al. (2005) derive the disk fraction of nearby OB associations using the JHK-bands and suggest that the disk fraction for intermediate-mass stars is lower than that for low-mass ( 1 M ) stars. The result indicates the fast dissipation of the inner-disk for intermediate-mass stars. A similar result is reported by Carpenter et al. (2006) , based on the Spitzer observations of U Sco OB association. Kennedy & Kenyon (2009) investigate the disk fraction of nine clusters, using infrared excess estimated from Spitzer observations and Hα equivalent width, and show that the disk fraction decreases with increasing stellar mass. Hernández et al. (2008) , using 2MASS and Spitzer data, find that the disk fraction of γ Vel cluster is smaller than other clusters at a similar age ( 5 Myr). They suggest that the small disk fraction may be attributed to the strong radiation field from massive stars in the cluster. For low-mass ( 2 M ) stars, the disk fractions estimated at the near-and mid-infrared do not show any appreciable difference between each other. On the other hand, Yasui et al. (2014) suggest that the disk disappears by ∼ 3Myr faster at the near-infrared than at the midinfrared for intermediate-mass (∼1.5-7 M ) stars, being consistent with the lack of planets discovered in the vicinity of the intermediate-mass stars. Ribas et al. (2014) investigate the disk fraction of 22 young clusters using SED fitting from optical to mid-infrared. They show that the primordial disk detected at shorter (3.4-12 µm) wavelengths disappears faster than that at longer (22-24 µm) wavelengths, indicating that the disk closer to the star is evolving more rapidly.
Although the evolution of the disk can be studied efficiently by the disk fraction, the DTDF is not equal to the mass dissipation timescale of an individual disk (MDTID). The DTDF is a statistical measure and does not directly indicate the variation in the disk mass of individual objects. It is the timescale of the disk dissipation that governs the planet formation process. However, the reliability of the DTDF as an estimator of the MDTID has not been studied systematically. It is thus of importance to understand the relation between the DTDF and the MDTID in a semi-quantitative manner.
How the disk fraction decreases with the cluster age depends on the statistical properties of the cluster. Owen et al. (2011) investigate the photo-evaporation mechanism of the protoplanetary disk by X-rays with radiation-hydrodynamic simulations. They demonstrate that the observed disk fraction at the nearinfrared can be reproduced by the X-ray luminosity function of the cluster. Therefore, the behavior of the disk fraction must be investigated taking account of the distribution of physical parameters of the cluster. Sub-millimeter observations indicate that the total dust mass in the disk is distributed over a wide range (e.g., Andrews & Williams 2005 , 2007 . Armitage et al. (2003) show that the observed spread of the disk lifetime in the Taurus cloud is consistent with theoretical models of disk evolution if a dispersion in the initial disk mass is assumed. The initial disk mass function (DMF) can thus affect the time variation of the disk fraction in a statistical way, but this effect has not been investigated in detail yet.
In this paper, we devise a simple model to estimate the effect of the initial DMF on the time variation of the disk fraction. The difference between DTDF and MDTID is calculated, taking account of the broadness of the DMF. Details of the model are described in Section 2. In Section 3, the variation in the calculated disk fraction is investigated and compared with the observed disk fraction. The results are summarized in Section 4.
Model
The evolution of the disk fraction is investigated by taking into account the disk mass distribution. In the present model, we consider the observation of a young star cluster in the near-or mid-infrared, where the protoplanetary disk is optically thick. In observations, the target stars are selected by their spectral types and thus the stellar mass is in a narrow range. In the following, we do not consider the distribution of the mass of the central star. Infrared excess (f ex ) is assigned to each star.
The star is recognized as being associated with a protoplanetary disk when f ex is larger than a critical value (f th ). All stars in the cluster are assumed to be born as a single star at the same time with different disk masses. The effect of the age dispersion within the cluster is discussed in Section 3.3. The disk fraction is defined by the fraction of such stars with f ex > f th in the cluster.
The DMF, the fractional number of the disk with the mass
( 1) Based on a survival analysis, Andrews & Williams (2005) show that the DMF of the Taurus-Auriga region is well approximated by a log-normal distribution. Similar results are also reported by Andrews & Williams (2007) and Mann & Williams (2010) . According to their results, the initial DMF is approximated by
where µ and σ define the location and width of the distribution. The disk dissipates with time. Luhman et al. (2010) suggest that the inner optically thick disk evolves into an optically-thin phase rapidly because the number of transitional disks may be small. The evolution of the inner disk mass is, however, not well understood. If the disk is regarded as an isolated system, the mass loss rate of the disk should be determined by the parameters of the disk itself, such as the disk mass, the luminosity of the central star, and the angular momentum. To simplify the case, we assume that the dissipation of the disk mass is given by an unary function of the disk mass:
where ζ(m) is an arbitrary positive definite function to define the disk mass loss rate. By integrating Equation (3), the relationship between m d (t) and t is obtained.
We define Z(m) as the integration of ζ(m).
Since ζ(m) is positive definite, the integrated function Z(m) is a monotonically increasing function, for which the inverse function
The inverse function Z −1 (m) is also a monotonically increas-
The MDTID is defined as a typical timescale of the de-
Equation (8) assures that the mass dissipation process does not change the order of the disk mass. Equation (5) can be solved in terms of m d (0):
The relationship between the initial DMF and the DMF at t is given by
The DMF changes in time depending on the time evolution of
Although we assume that the initial DMF is given by a log-normal distribution, the shape of the DMF at t can be different from a log-normal function. Here we discuss a general
The near-infrared excess is directly related to the inner disk mass, not the total disk mass. The mass function of the inner disk is, however, not observationally constrained. Here, we simply assume that the inner disk mass is proportional to the total disk mass. The amount of the excess should depend on the disk inclination and the shape of the inner rim of the disk (Dullemond & Monnier 2010 
Then, by substituting Equations (2), (3), and (10) in Equation (11), the disk fraction F(t) becomes
where erfc(x) is the complimentary error function. Since erfc(x) is a decreasing function on x, the disk fraction, F t, m th d , µ, σ , decreases as t increases. The DTDF is defined as a typical timescale of the decrease in Equation (12). 
Discussion

Behavior of Disk Fraction
Since the complimentary error function erfc(x) is a monotonically decreasing function, the disk fraction will decrease with increasing M(−t, m d (0)), which increases monotonically with t. Equation (12) shows that the central loci of the DMF µ shifts the disk function along the axis of age. The width of the DMF σ normalizes the argument of the complimentary error function in Equation (12). As σ increases by a factor of x, the time variation of the disk fraction is decelerated by a factor of x. This suggests that the broadness of the DMF has a large impact on the evolution of the disk fraction.
To investigate a typical decreasing timescale of Equation (6), we define the time T (ξ) such that the disk with the initial mass of ξm 
The duration means an observational lifetime of the disk with the initial mass of ξm th d . Equation (13) is equivalent to
T (ξ) increases with ξ since Z(m) is an increasing function. When ξ is unity, T (ξ) is equal to zero. The time T (ξ) is regarded as a typical timescale for the disk mass to decrease by a factor of ξ. By substituting Equation (14), the following relationship is obtained:
The disk fraction at T (ξ) is obtained as
The disk fraction decreases with ξ as well as T (ξ). Equation (16) does not include T (ξ) explicitly, indicating that the relationship between the disk fraction and ξ does not depend on the functional form of T (ξ). Thus, the evolution of the disk fraction can be described in a general manner in terms of ξ. Figure 1 shows the evolution of the disk fractions normalized at age zero against ξ. The DMF of the Taurus cloud is assumed to be a representative one, so that µ and σ are fixed at 1.0×10 −3 M and 1.31 dex, respectively (the "full" sample If the disk fraction decreases with the same timescale as the disk mass, the curve should follow the dotted curve. When the disk fraction decreases slower than the disk mass, the curve will deviate upward, and vice versa. All the disk fractions deviate upward in Figure 1 . An e-folding time of the individual disk mass dissipation estimated by T (e), which corresponds to the MDTID. On the other hand, the disk fraction for m Figure 1 indicates that the disk fraction generally decreases slower than the disk mass when a typical initial DMF and a detection threshold are assumed.
Case Study: Exponential Decay
To quantitatively compare the MDTID and DTDF, we consider a special case of ζ(m) = τ /m, which corresponds to an exponential decay. Equation (6) is reduced to
Here τ is equivalent to T (e). In this section, we define the MDTID by the e-folding time τ . With the assumption of ζ(m) = τ /m, the DMF at t is given by
1 Although Andrews & Williams (2005) have reported that the median and the variance are 5×10 −3 M and 0.50dex for the "detection" sub-sample, we adopt the values for the "full" sample because non-detected samples should be properly taken into account. Here, the DMF remains a log-normal distribution. The median of the DMF at t is given by µe − t τ , indicating that the location of the DMF shifts with the time constant of τ , while the scale parameter of the log-normal distribution, σ, is constant in time. By applying Equation (17), the disk fraction is given by Figure 2 shows the time variation of the disk fractions for different DMFs. The horizontal axis denotes the cluster age t measured by τ . The median mass of DMF is set to be 1.0×10 −3 M (Andrews & Williams 2005) . Figure 2a shows the results for different DMFs, σ = 0.65, 1.31, and 2.62 dex, where m th d is fixed at 10 −4 M . The figure indicates that the disk fraction decreases slower as the disk mass function becomes broader, because t is normalized by στ in Equation (19). The disk fraction is not unity even at age zero, simply because some disks do not have a large amount of initial mass enough to be detected. The red dot-dashed line in Figure 2a shows an exponential decay curve with the time constant of τ : exp(−t/τ ). All the disk fractions in Figure 2a decrease more slowly than the expo- nential curve. The e-folding time of the disk fractions ranges between 2τ and 4τ , depending on m th d . This is consistent with the discussion in Section 3.1: the disk fraction decreases generally more slowly than the disk dissipates. Figure 2 implies that the difference between the MDTID and DTDF is not negligible.
As a demonstration, we calculate the difference between DTDF and MDTID using a real data set. Since the present model is highly simplified, this practice is to demonstrate the degree of effect of the initial DMF on the estimate of the MDTID. We do not intend to derive an accurate estimate of the MDTID. Figure 3 shows that the observed disk fractions of a number of star clusters collected in Mamajek (2009) and references therein. In the current model, the disk fraction is given by Equation (19). The location and width of the initial DMF, µ and σ, are fixed at 1.0×10
−3 M and 1.31 dex, respectively (Andrews & Williams 2005) . The other two parameters, τ and m th d , are estimated by a maximum likelihood method. The likelihood function is defined as
where fi and ∆fi are the observed disk fraction and its uncertainty, and ti is the cluster age. The parameters, τ and m Figure 3 shows the fitted curve. Mamajek (2009) suggests that the evolution of the observed disk fraction is well represented by an exponential decay with the time constant of 2.5 Myr, which is shown by the red dot-dashed line. The decrease in the disk fraction is well approximated by exp(−t/T ), where T = 2.5 Myr, suggesting that DTDF is about 2.5Myr. The present result, however, suggests that MDTID τ is as short as 0.9 Myr.
Justification of Model
The discussion in Section 3.1 is applied to a general case, where various physical processes -such as binarity, variable X-ray flux, and photo-evaporation -can contribute to the dissipation. It assumes that the initial DMF is given by a log-normal function, but does not have a constraint on the DMF at a given time. Although the present model is rather robust in this sense, it is simplified and based on several assumptions. Effects of the simplification on the results are discussed.
In the present model, the stars in the cluster are assumed to be coeval. The star formation is, however, not instantaneous. Getman et al. (2014) investigate the age of individual YSOs in massive star forming regions and show that the spread of the stellar ages in a cluster is about 1-2 Myr, comparable with the DTDF (∼ 2.5 Myr). The age spread within a cluster should not be neglected in the discussion of the disk fraction. At a given epoch, YSOs formed earlier have lost more mass than those formed later, and vice versa. Thus, the apparent width of the DMF is broadened if the age distribution is taken into account in the present model. While the width of the DMFs has been observationally measured (e.g., Andrews & Williams 2005) , the intrinsic width of the DMF and the broadening effect due to the age spread are not distinguished. The observationally estimated width of the DMF should include the effect of the age distribution. Since we employ the observationally estimated width of the DMF (Andrews & Williams 2005) in our discussion, the present results indirectly take account of the effect of the age distribution.
The present model assumes that the mass of the inner disk is proportional to the total disk mass. This is not observationally confirmed, because the inner disk is optically thick in the infrared and the infrared excess does not reflect directly the amount of the inner disk mass. The present results, however, mainly depend on the width of the initial DMFs. The results are expected to be valid as long as the distribution of the inner disk mass is relatively as wide as the DMFs observed in the sub-mm wavelength.
The present model does not include any inclination effect on the infrared excess, although the infrared excess f ex should be changed with inclination. The relationship between f ex and the inclination angle may be complicated. Since the nearinfrared emission is mainly from the inner rim of the dusty disk (Dullemond et al. 2001; Natta et al. 2001; Muzerolle et al. 2003) , the effect of the inclination angle can heavily depend on the shape of the inner rim (Dullemond & Monnier 2010) . If the inner rim has a round shape (Isella & Natta 2005) , the effect of the inclination on f ex can be small. Observationally the infrared excess does not show any strong correlation between the inclination (Dullemond & Monnier 2010) , suggesting that the inclination effect on the present result is not significant. Although the inclination significantly changes the infrared excess f ex , it is hard to distinguish the contribution from the inclination and the disk mass unless the inclination angle is determined. The effect of the inclination can be practically taken in the present model by broadening the initial DMF.
The relationship between the infrared excess f and the disk mass, which is important to connect the initial DMF with the disk fraction, remains to be understood. We assume that the infrared excess f does not decrease as the disk mass increases. In the present model, the infrared excess f ex is given by an unary function of the disk mass. The amount of the infrared excess is closely related to the shape of the inner rim (Dullemond & Monnier 2010; Isella & Natta 2005) . The shape of the rim depends on the pressure scale height at the inner rim Hp,rim, which is proportional to 1/ √ M , where M is the stellar mass (Isella & Natta 2005) . Therefore, the neglect of the mass dependence can make a moderate effect on the result and should be taken into account in the next step. The effect on the present results due to this simplification is not expected to be severe as long as the mass range is sufficiently narrow.
In Equation (3), we assume that the decrease in the disk mass is given by an unary function of m d . This assumption can be rephrased as disks with the same disk mass have the same lifetime. The decreasing rate of the disk mass should depend on the radiation from the central star and neighborhood stars. The assumption can become invalid if the mass range is not sufficiently narrow or the radiation field significantly changes within the cluster. Consequently, the lifetime of the disk can be extended or shortened. The effects of the mass range and the radiation field of neighborhood stars can be qualitatively estimated by broadening the width of the initial DMF. As shown in Equation (12), the disk fraction decreases more slowly than the disk mass as the initial DMF becomes wider. Although the present model does not correctly take account of the effects of the mass range and the radiation field from neighborhood stars, those effects should not change the conclusion of the present result qualitatively.
Implications of Results
As shown in Figure 2 , the apparent evolution of the disk fraction depends on the shape of the initial DMF. The disk fractions of clusters with different initial DMFs should follow different curves. In most observational studies, the disk fractions are assumed to follow a single curve (e.g., Haisch et al. 2001; Yasui et al. 2009 Yasui et al. , 2014 Ribas et al. 2014) . In other words, they assume that the initial DMFs are assumed to be the same. However, the DMF has so far been obtained for only a few clus-ters, e.g., in the Taurus, Ophiuchus, and Orion regions (e.g., Williams & Cieza 2011) . Those observations suggest that the DMF can be approximated fairly well by a single log-normal function, while Mann et al. (2015) suggest that the DMF of NGC 2024 is possibly top-heavy in comparison with that of the Taurus cloud and Orion Nebula Clusters. If the DMF is top-heavy in the sample clusters, the DTDF will become even longer than the present estimate. Only by investigating the evolution of the disk fraction, it is not possible to disentangle the variation in the MDTID and the variation in the initial DMFs. Further investigation about the variation in the initial DMF is needed.
Previous studies have been compared the disk fractions of different clusters and discussed the DTDF (e.g., Haisch et al. 2001; Yasui et al. 2010 ). The present results suggest that the apparent evolution of the disk fraction depends on the threshold mass. The disk detected in the near-infrared is expected to be fully optically thick. The amount of excess f ex in the near-infrared is insensitive to the disk mass in the optically thick phase (Wood et al. 2002) . The choice of the detection threshold (f th ) will not matter. In general, the transition from a thick to thin disk occurs in a small mass range at the near-infrared wavelength. The fraction of disks in the transition in a cluster is small (e.g., Skrutskie et al. 1990; Wolk & Walter 1996; Cieza et al. 2007 ). Thus, the dependence of the threshold mass m th d
is negligible. At wavelengths longer than 25 µm, the disk can be detected in the optically thin phase and the excess becomes sensitive to the disk mass (Wood et al. 2002) . The difference in the detection threshold may have to be taken into account.
Conclusion
The disk fraction, which is the fraction of stars with disks in a young cluster, is widely used to observationally investigate the lifetime of the protoplanetary disk. The time evolution of the disk fraction should depend on the disk mass function (DMF) at age zero. We discuss a simple model to analytically investigate the relationship between the mass dissipation timescale of an individual disk (MDTID) and the decay timescale of the disk fraction (DTDF).
In the present model, the evolution of the disk fraction can be described by the detection threshold of the disk mass (m th d ), and the loci (µ) and the dispersion (σ) of the initial DMF. The DMF of the Taurus cluster has µ 10 −3 M and σ 1.31 dex (Andrews & Williams 2005) . Using the near-infrared color excess method, the disk with the mass of ∼10 −4 M can be detected (Andrews & Williams 2005) . Assuming these parameters, the present model indicates that the disk fraction generally decreases more slowly than the disk mass, suggesting that the DTDF is longer than the MDTID. Given that the disk mass dissipates exponentially, the difference between the DTDF and the MDTID is suggested not to be negligible. Comparison with the observational data (Mamajek 2009) suggests that the MDTID is as small as 1 Myr even if the disk fraction exponentially decreases with the time constant of 2.5 Myr, corresponding to the DTDF. Although the present model is simple and primitive, we are confident that the present results are qualitatively valid. The present results suggest that the evolution of the disk fraction depends on the shape of the initial DMF. The variation in the DMF remains to be understood. Further observational investigation is needed. Although the apparent evolution of the disk fraction may depend on the detection threshold mass, the matching of the detection threshold does not matter unless the disk fraction is measured at a longer ( 25 µm) wavelength.
The study of the protoplanetary disk is being accelerated by the advent of ALMA, which can resolve the disk structure and precisely measure the mass of the disk. However, until the disk mass is accurately measured for a sufficiently large sample of disks in various environments, statistical approach is still important for the study of the disk evolution. The disk fraction remains to be efficient and useful if the relationship between the DTDF and the MDTID is properly appreciated.
